
Solution of HW8

16 We use the criterion (51) and (56) in textbook.
(a) Note that

∞∑
x=1

µ1 · · ·µx

λ1 · · ·λx

=
∞∑
x=1

x!

(x+ 1)!
=

∞∑
x=1

1

x+ 1
= ∞,

and
∞∑
x=1

λ0 · · ·λx−1

µ1 · · ·µx

=
∞∑
x=1

x!

x!
=

∞∑
x=1

1 = ∞.

Hence the process is null recurrent.

(b) Note that
∞∑
x=1

µ1 · · ·µx

λ1 · · ·λx

=
∞∑
x=1

x!

(x+ 2)!
=

∞∑
x=1

1

(x+ 1)(x+ 2)
=

∞∑
x=1

(
1

x+ 1
− 1

x+ 2

)
=

1

2
< ∞.

Hence the process is transient.

17 Consider the embedded Markov chain (in page 102 of textbook) with transition
function

P (x, y) = Qxy =



1, x = 0, y = 1;
λx

λx + µx

= px, y = x+ 1, x ≥ 1;

µx

λx + µx

= qx, y = x− 1, x ≥ 1;

0, otherwise.

We see that the embedded chain is a birth and death chain on the nonnegative
integers. Moreover, γ0 = 1, and for x ≥ 1,

γx =
q1 · · · qx
p1 · · · px

=
µ1 · · ·µx

λ1 · · ·λx

.

Using Q26 of Chapter 1, we get (a) and (b) immediately.

18 (a) Note that γy = (µ
λ
)y. As now µ ≥ λ, so

∑
y γy = ∞. Hence ρx0 = 1 by Q17(a).

(b) If µ < λ, by Q17(b),

ρx=0 =

∑∞
y=x(µ/λ)

y∑∞
y=0(µ/λ)

y
=

(µ
λ

)x

, x ≥ 1.
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19 Note that γy = (1−p
p
)y. If p ≤ 1

2
, then

∑
y γy = ∞. Hence ρx0 = 1 by Q17(a).

If p > 1
2
, then by Q17(b),

ρx0 =

∑∞
y=x(

1−p
p
)y∑∞

y=0(
1−p
p
)y

=

(
1− p

p

)x

, x ≥ 1.

21 Using the result in page 105 of textbook, set π0 = 1, and

πx =
λ0 · · ·λx−1

µ1 · · ·µx

=
1

x!

(
λ

µ

)x

, 1 ≤ x ≤ d.

Then the stationary distribution is given by

π(x) =
πx∑d
y=0 πy

=
(λ/µ)x

x!∑d
y=0

(λ/µ)y

y!

, 0 ≤ x ≤ d.

SQ1 (a) The rate matrix is given by

D =

0 1 2 3


−2 2 0 0
1 −3 2 0
0 1 −3 2
0 0 1 −1

.

(b) Note that for birth and death process, if we put

πx =
λ0 . . . λx−1

µ1 . . . µx

for x = 1, 2 and 3,

then the stationary distribution π is given by

π(x) =

{
(1 +

∑3
y=1 πy)

−1 if x = 0,

πx(1 +
∑3

y=1 πy)
−1 if x = 1, 2 or 3.

Since λ0 = λ1 = λ2 and µ1 = µ2 = µ3 = 1, it follows that

π = (1/15, 2/15, 4/15, 8/15).

The required probability is limt→∞ P (X(t) = 2) = π(2) = 4/15.

SQ2 Let X(t) be the number of customers that we are waiting or being served at time t.
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(a) The infinite matrix is given by

D =

0 1 2 3 4 5 . . .



−2 2
2 −4 2

2 −4 2
3 −5 2

3 −5 2
. . . . . . . . .

.

(b) Note that λx = 2 for all x ≥ 0 and

µx =

{
2 if 1 ≤ x ≤ 2,

3 if x ≥ 3.

So,

πx =

{
1 if 1 ≤ x ≤ 2

(2
3
)x−2 if x ≥ 3.

Let π be the stationary distribution of this birth and death process. Since
∑∞

y=1 πy =
4, we have

π(x) =

{
1
5

if 0 ≤ x ≤ 2,
1
5
(2
3
)x−2 if x ≥ 3.

(c)
lim
t→∞

P (X(t) = 4) = π(4) =
4

45
.
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